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Abstract
The construction of any simulation of cavitating injector nozzles begins with the fundamental assumptions of which 
phenomena will be included and which will be neglected.  To date, there has been no consensus about whether it is 
acceptable to assume that small, high speed cavitating nozzles are in thermal or inertial equilibrium.  This diversity 
of opinions leads to a variety of modeling approaches.  If one assumes that the nozzle is in thermal equilibrium, then 
there is presumably no significant delay in bubble growth or collapse due to heat transfer.  Heat transfer is infinitely 
fast and phase change is limited by inertial effects.   The assumption of inertial equilibrium means that the two 
phases have negligible slip velocity.  Alternatively, on the sub-grid scale level, one may also consider the possibility 
of small bubbles whose size responds to changes in pressure.  The present work uses experimental results collected 
from the open literature to evaluate assumptions that have been used in previous modeling results.   Multidimension-
al CFD results that assume thermal equilibrium and non-thermal equilibrium are used to further evaluate these par-
ticular assumptions with plain orifice injector nozzles.  The results indicate that equilibrium assumptions are suffi-
cient to predict mass flow rate and cavitation incidence in small, high-speed nozzle flows.  Effects of thermal non-
equilibrium are not evident in experimental measurements of mass flow rate.  

Introduction
Simulations  of  cavitating atomizer  nozzles  invariably require  simplifying  assumptions.   These  assumptions 

should be sufficient to render the problem tractable without producing unacceptable errors.  The following paper ex-
amines common assumptions that may be made in cavitating nozzle simulations and estimates what their impact is 
on the simulation fidelity.

In the current context of atomization, the goal of the cavitation simulations would be to provide the critical in-
formation for understanding and predicting the downstream atomization.  The foremost characteristic of a nozzle’s 
performance is whether the nozzle is experiencing hydraulic flip, where downstream, non-condensable gas is en-
trained into the nozzle [1].  For non-axisymmetric nozzles, the possibility of partial hydraulic flip must also be con-
sidered.  Hydraulic flip dramatically suppresses atomization, but is not actually a form of cavitation, and so is bey-
ond the purview of the current discussion.

The most important single metric of cavitating nozzle flow is the mass flow rate, or alternatively, coefficient of 
discharge.  Nearly every atomization application requires accurate knowledge of how much mass is atomized. After 
mass flux, the momentum flux is the second most important feature of a cavitating nozzle flow.   The momentum 
flux correlates closely with gas entrainment and spray penetration [2].  The next major descriptor of a nozzle’s per-
formance is the disturbance level which it imposes on the exiting flow.  The cavitating nozzle may eject bubbles or 
demonstrate transient film oscillation [3][4] that greatly perturb the spray.  Other characteristics of nozzle perform-
ance that can affect the spray are the exit velocity profile and transverse velocity magnitude.  Predicting all of these 
characteristics, which are listed in order of importance, represent the goals of cavitation simulations.  

Past Work
Past efforts to model cavitating nozzles have taken different approaches with differing assumptions. One of the 

earliest approaches was to use bubble dynamics equation. This was done by solving the Rayleigh-Plesset equation to 
get the necessary information for the growth and destruction of the bubble. Kubota [5] in their cavitation Bubble 
Two-phase (BTF) Model assumed that the inside and outside of the cavity were a continuum. He also considered the 
cavity as a compressible viscous fluid whose density varied extremely. A similar kind of approach was used more 
recently by Chen and Heister [6] in which hydrodynamic non-equilibrium and bubble dynamics are of primary con-
cern. Using their approach they showed that earlier approach was valid only when bubble radius is very small. When 
the bubble radius is comparable to the distance between the two bubbles, one cannot assume the local pressure as far 
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field pressure. Chen and Heister averaged the local pressure and solved the Rayleigh-Plesset equation for a finite do-
main. From this approach they related the pseudo-density to the average pressure and void fraction from mass bal-
ance considerations. 

Later Gavaises and Arcoumanis [7] in their work employed a Lagrangian model to represent the bubble growth. 
They extended the transport model to include the bubble breakup and related events. Alebjecvic [8] introduced a 
cavitating flow using a two fluid model with a continuous liquid and a dispersed vapor phase. The model is based on 
linearized Rayleigh-Plesset equation which is driven by difference between hydrodynamic and vapor pressures. In 
his model, he also used an additional corrector term to account turbulence pressure fluctuations. With this model he 
evaluated important spray characteristics and cavitation flow in nozzles.

 Chen and Heister [9] also worked out a model where they treated the zone of cavitation as two phase mixture 
which they used for two phase modeling. They solved the continuity equation postulating that the change in density 
must be related to the pressure difference P-Pv. 

Avva et al. [10] introduced an enthalpy based model for two phase cavitation modeling which minimizes the need 
for empiricism. In this model they assumed local thermodynamic equilibrium between the liquid and vapor phases, 
but allowed mechanical non-equilibrium such as unequal velocities or velocity.  They formulated a single energy 
equation for a homogeneous mixture of gases which computes the enthalpy as dependent variable. The volume frac-
tion and other thermodynamics properties were computed using the enthalpy. 

In a third kind approach for two phase modeling was employed by Delannoy and Kueny [11] where an equation 
of state is derived based on a barotropic model between pressure and density to predict the flow in a venturi. This 
model  assumed thermodynamic  as  well  as  mechanical  equilibrium between the  two phases.  They  successfully 
demonstrated the qualitative behavior of the venture but fail  to employ the frequency of bubbles or the length. 
Schmidt et al. [12] later developed a two dimensional transient model which was intended for small, high speed 
nozzle flows, such as in diesel fuel injectors. This model also used a barotropic equation of state but included the 
compressibility of both the liquid and the vapor phase. The pressure-density relationship was derived by integrating 
the result of the Homogenous Equilibrium Model for the speed of sound. Habchi and Dumont [13] used HEM to 
simulate the cavitating flow inside a diesel multi-hole injector.   In their work they successfully simulate a viscous, 
unsteady cavitating flow inside a diesel fuel injector.

The goal of the present work is to explore the impact of the assumptions of hydrodynamic and thermal non-
equilibrium on the prediction of the specific nozzle characteristics listed above.  

Inertial Equilibrium
In the most general sense, liquid and vapor velocity are two completely separate fields, coupled by inter-phase 

drag.  Alejobevic et al. [8] used the two-velocity formulation to represent the separate vapor and liquid velocities.  A 
more common approach is to assume that the vapor moves as bubbles transported by the liquid [7].  The simplest as-
sumption is have both phases move at the same velocity.  This assumption of negligible slip is equivalent to an inter-
phase drag that is so large, that inter-phase slip is negligible.  

The computation of separate velocity fields is, in some sense, the most general modeling assumption.  However, 
tracking the vapor's velocity, separate from the liquid, may not actually be useful.  As mentioned in the introduction 
of this paper, the purpose of modeling cavitating flow in nozzles is to understand and predict the influence on the 
downstream spray.  It is questionable whether calculating the separate velocity field is helpful in predicting this in-
fluence.

The reason why the vapor phase's velocity is not important is because of the extreme density ratio between va-
por and liquid.  At room-temperature, the density of saturated liquid is several times that of the vapor density of 
most commonly used fluids.  This means that the vapor flow does not represent a significant amount of mass.  Since 
momentum is the product of mass times velocity, the momentum error is not significant.  Quite simply, the vapor 
makes no contribution to the spray, which is entirely liquid.  The presence of the vapor represents a cavity, devoid of 
the liquid that produces the spray.  
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It is also difficult to justify the application of Volume-of-Fluids (VOF) to simulation cavitating orifices.  These 
nozzles are extremely high Weber number, where the role of surface tension on the resolvable scales is minimal. 
There is also no expectation that the interface must be smooth.  Experimental evidence, such as from Schmidt et al. 
[4] shown below in Figure 1 indicate that the interface is indeed smooth in the favorable pressure gradient just after 
separation off the inlet corner, but in the remainder of the nozzle, the surface is quite convoluted.  The application of 
VOF would artificially smooth the entire interface, at considerable cost with little benefit.

Figure 1.  The nozzle shape, shown above in a non-cavitating condition and below, a back-lit view of cavitation. 
Flow is from left to right through a two-dimensional planar nozzle [4].

The assumption that there is a field of small-scale bubbles also does not agree perfectly with images by Arcou-
manis et al. and others.  However, there are practical advantages to the bubble-transport approach.  The foremost is 
that cavitation damage is likely governed by small-scale features of bubble collapse.  The challenge is that col-
lapsing bubbles at a wall  are  not  spherical  and may be affected by neighboring bubbles,  and thus the standard 
Rayleigh-Plesset model is not ideal.  

Thermal Equilibrium
Phase change, including cavitation, may be in thermal non-equilibrium. Kato et al. [14] analyzed the relative 

importance between the inertial and thermal effects for bubble growth. They concluded that the radius of the inertial 
bubble grew linearly with time, whereas the radius of the thermal bubble grew with the square root of time and so 
the inertial effects will initially dominate the bubble growth. It is seen from their conclusions that the length scales 
required for the thermal effects to be important are much larger than the nozzles usually used in injectors. The reas-
on for this is that the majority of the energy required for phase change is provided by the inter-phase heat transfer. In  
cavitating flows, the heat transfer is extremely fast [15] and hence the time scale for heat transfer is much smaller 
than the flow through times in the nozzle. However, this is not the case in hot fluids, in which the rate of heat trans-
fer is limited by the inter-phase heat transfer process. 
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The Jakob number is a non-dimensional number and can be used to understand the importance of considering 
the thermal non-equilibrium effects. This number is calculated from Eqn. 1 below.

 Ja=
ρl C p ΔT

ρv h fg

(1)

Here  ρ  is the density and the subscripts  l and  v represent  liquid and vapor, respectively.  The variable  Cp 

stands for the specific heat at constant pressure, ΔT  represents the degree of superheat, and hfg is the latent heat of 
vaporization. The Jakob number is the ratio of the amount of sensible heat available to the amount of energy re-
quired for vaporization. As the temperature of the fluid increases, the denominator of the above equation increases. 
For example, consider water at two temperatures: 25degC and 50degC. The value of  ρv h fg  at these two temper-
atures is 56.32 KJ/m and 198.06 KJ/m, respectively. This shows that, as the temperature increases, the amount of en-
ergy required for vaporization increases and hence the time required for the inter-phase heat transfer will be higher 
and could be comparable to the flow through times in the nozzle. In such cases ignoring the thermal effects can lead 
to inaccuracies. Schmidt [12] simulated the flash-boiling experiment of Reitz [16] using a cavitation model that was 
based on the assumption of thermal equilibrium and another model that was based on non-equilibrium. It was ob-
served that as the temperature of the fluid was increased, the mass flow rates predicted by the equilibrium model di-
verged further from the experimental values; however, the non-equilibrium model successfully predicted the experi-
mental mass flow rates.  

Nurick [17] developed a simple and elegant model to explain the behavior of the coefficient of discharge of 
cavitating nozzles.  His model collapsed the experimental data and produced an interesting conceptual view of the 
nozzle flow.  The fundamental assumptions of his model are:
1)The flow of liquid separates off the corner and contracts to an area that is a fixed fraction of the nozzle cross-sec-

tional area.
2)The liquid experiences no head losses between the upstream stagnation state and the contraction.
3)The pressure at the contraction is equal to the vapor pressure of the fluid.

Some of the data from recent experiments [18][19] are compared with the theory explained by Nurick [17] us-
ing a plot between coefficient of discharge (Cd)and cavitation number (K). Where, cavitation number (K) given by :

K=
 p1−pv 

 p1−p2 
(2)

where 1 denotes upstream and 2 denotes downstream conditions.  The variable pv represents the vapor pressure.

Figure 2. The graph showing experimental and CFD results for sharp-inlet nozzles from recent years compared with 
the theory given by Nurick [17]
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Figure 2 shows that the data taken from cylindrical nozzles by Lee et al.[19] and Nobushige et al. [18] agree ex-
tremely well with the theory.  For round nozzles, this further confirms Nurick’s theory.  (The data taken from the 
planar nozzle by Sou et al.[20] do not agree with the theory, probably due to a fundamental difference in the con-
traction behavior of planar nozzles.)  Additional validation was provided by Nurick himself and by Schmidt and 
Corradini [21][22].

If  the flow were experiencing  significant  thermal  non-equilibrium,  the third assumption in  Nurick’s  model  
would not hold true.  In thermal non-equilibrium, the liquid vaporizes at a pressure that is significantly below the va-
por pressure of the fluid.  The agreement between the experimental data and the theory indicate that, at least around 
the throat, the nozzles are in thermodynamic equilibrium.  

Comparing simulations with and without the assumption of thermodynamic non-equilibrium provides further 
evidence. Figure 2 also includes a comparison between the performance of a cavitating flow solver based on thermal 
equilibrium and a flash-boiling flow solver based on thermal non equilibrium in simulating a cavitating nozzle flow 
test case. The flow conditions are based on Nobushige et al. [18] with downstream pressure of 1 atmosphere. Both 
the models used were based on the models developed by Schmidt [12] but were implemented for unstructured grids 
with complete multidimensional and parallel processing capability. The cavitation model was based on the HEM 
equation. The flash boiling model is based on the Homogeneous Relaxation Model (HRM) presented by Downar-
Zapolski [23] and has been successfully used in the past for simulating 2D and 3D cases [24][25]. The HRM con-
siders that the phase change process takes place over a finite time which is a function of instantaneous void fraction 
and pressure.  Due to the Mach number limitations of the Equilibrium CFD model, the pressures were scaled up-
wards for the calculations, while maintaining the same value of K.

The model results indicate the flow is in thermodynamic equilibrium.  The CFD calculations that assume equi-
librium match the experimental results well.  The non-equilibrium approach produces results that are not far re-
moved from the equilibrium results, because the flow is so close to equilibrium.  Both CFD approaches predict res-
ults consistent with Nurick’s theory.

Conclusions
Based on experimental and modeling results, the assumption of thermodynamic equilibrium is sufficient to pre-

dict nozzle discharge. For future work, further comparisons can be performed to check if equilibrium assumptions 
will also lead to correct  predictions of the length of the cavitation zone. The assumption of inertial equilibrium 
between the two phases is also sufficient to predict nozzle discharge and most other information required by the at-
omization community,  because the vapor phase carries insignificant  mass. The use of bubble-dynamics models, 
however, offers additional possibilities of predicting cavitation damage to surfaces.
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